DEFORMATIONS OF ASSOCIATIVE ALGEBRAS WITH INNER 

PRODUCTS 



JOHN TERILLA AND THOMAS TRADLER 




Abstract. We develop the deformation theory of Aoo algebras together with oo-inner 
products and identify a differential graded Lie algebra that controls the theory. This 
generalizes the deformation theories of associative algebras, A^, algebras, associative 
algebras with inner products, and A^, algebras with inner products. 
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1. Introduction 

In this paper, we describe a differential graded Lie algebra that controls deformations of 
the homotopy versions of associative algebras together with the inner products introduced 
in [§]. Let us review the basic idea of a deformation theory governed by a differential 
graded Lie algebra [7J |21 EI El 

Fix a ground field k of characteristic ^ 2. For any differential graded Lie (dg Lie) 
algebra (g = (BiQ l ,d, [, ]) over k, one can consider deforming the differential d in the 
direction of an inner derivation. Informally, such a deformation is given by an (equivalence 
classes of) a making 

d a := d + ad(a) 

into a differential. The map d a is always a derivation and the condition that d a = 
translates into the Mauer-Cartan equation: 

da + — [a, a] = 0. 



Key words and phrases, homotopy, inner product, deformation theory. 

The authors would like to thank Jim Stasheff, Martin Markl, and Dennis Sullivan for many helpful 
discussions. 
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The deformed differential d a may involve parameters from the maximal ideal m of a Z 
graded Artin local ring: a £ (g (8>/t m) 1 . If m is the maximal ideal of a local Artin ring R 
and a G (fl 0fc m) 1 is a solution to the Mauer-Cartan equation, then one may call d a a 
deformation of d over R. Two deformations of d should be considered equivalent if they 
are related via a natural automorphism of g (g) m. A ring map R — > 5 will transport a 
deformation of d over i? to a deformation of d over S 1 . 

More formally, one has a functor -De/ g from the category of Z graded Artin local rings 
with residue field k to the category of sets, assigning to such a ring R with maximal ideal 
m the set 

Def 5 (R) = {ae (g ® k m) 1 : da + -[a,a] = 0}/ - . 

Here, ~ is the equivalence relation determined by the action of the gauge group, which we 
now recall. Since R is an Artin ring, m is a nilpotent algebra, and (g ®fe m)° C g (3^ m is a 
nilpotent Lie algebra. Therefore, there exists a group G — {exp/3 : /3 G (g ®]t m) }, called 
the gauge group, with multiplication defined by the Baker-Campbell-Hausdorff formula. 
The action of G G on an element a £ (g (E)k m) 1 is determined by the infinitesimal 
action: 

a i-> /3 ■ a = [/3, a] - d[3, a g (g ® m) 1 , /3 £ (g <8 to) . 
This action satisfies 

c ^ d^e — rfg/3 -CK , 

and preserves the set of solutions to the Maurer-Cartan equation. In this paper, we 
work with algebras equipped with an oo inner product. One has the notion of a 
deformation of an A^, algebra with an oo inner product over a ring i?, and there is a natural 
equivalence on the set of deformations. A ring map R — > S transports deformations over 
R to deformations over S. The association 

^ ( deformations of the algebra with 1 / ( equivalent 
^ the oo inner product over R / / \ deformations 

defines a covarient deformation functor. 

In this paper, we construct a dgLa (f) = (Bii)'\d 7 [ , ]) associated to an Aoo algebra with 
an oo inner product, and prove that the functor described above is isomorphic to Def^. 
This is the precise mathematical content of the statement the dgLa (f), [ , ],d) controls the 
deformations of the Aoo algebra with an oo inner product. 



2. Definitions of Aoo algebras and oo inner products 

We now review the concept of an oo inner product on an A^ algebra [5], The 
concepts of A m algebras, bimodules, A M bimodule maps, and A^ inner products are 
generalizations of the usual concepts of associative algebras, bimodules, bimodule maps, 
and invariant inner products. 

2.1. Aoo algebras. Let V — © je z b e a graded module over a ring S. Recall that the 
suspension V[l] of V is defined to be V[l] = ® 0& {V[l\y with (V[l]) j := V^ 1 . For a 
graded ^-module A, BA denotes the tensor coalgebra BA := T(A[1]), sometimes called 
the bar complex of A. An A^ algebra over S is defined to be a pair (A, D) where A is a 
graded S module and D g Codei(BA) of degree —1 with D 2 = 0. 

Suppose that (A, D) and (A',D') are algebras over S. Then an A^ map from 
(A', D') to (A, D) is a map A : BA' -> BA satisfying A o D' = D o A. 
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2.2. Aoa bimodules. Let (A, D) be an algebra over S, and let M be a graded S 
module. Let B M A denote the tensor bicomodulc B M A := T M ^(A[1}) = M > O A[l}® k ® 
M[l] © A[l]®' of M\V\ over BA. An A^ bimodule structure on M over A is defined to be 
a coderivation D M 6 Codcr D ( J B M A, B M A) over D of degree -1 with (D M ) 2 = 0. 

Let (M,D M ) and (N,D N ) be 4 m bimodules over A. Let Comap(5 M A, B N A) denote 
the maps F : B M A -> B W A satisfying 

B M A {BA © B M A) © (B M A © BA) 

(Idig)_F)e(Fig)Id) 



B W A (£L4 © B M A) © (B M A © BA) 

The space Comap(-B M A, B^i) carries a differential defined by 

S M > N (F) := D N o F — (-l)l F lF o £ m . 

In this case, an A^ bimodule map from M to N is defined to be an element F e 
Comap(5 M A, £ W A) of degree with 6 M > N (F) = 0, i.e. 

2.3. oo inner products. For any / £ Coder(i3A), there are induced coderivations Z' 4 G 
Coder f (B A A, B A A) and / A * e Coder f (B A * A, B A " A) , where A* = hom s (A,S) denotes 
the dual of A. One also has an induced map 

5 f : Comap(B M A, B N A) -> Comap(B M A, 

given by = / A * oF - (-1)I/H F I . F o / A . Note that, in particular, if (A, D) is an 

algebra, then A and A* have Aao bimodule structures given by D A and D A * . 

Definition 2.1. Let (A,D) be an A^ algebra over S. We define an oo inner product on 
A over S to be an A^ bimodule map I from A to A* . Equivalently, an oo inner product 
is an element I £ Comap(£? A yl, B A A) satisfying 

5 D {I) =D A * oI-IoD A = 0. 

Every inner product ( , ) : A © A — > S defines an element / £ Coma,p(B A A, B A A). In 
this case, the condition D A " o I — I o D A = is equivalent to {D(a\, . . . , a n ),a n+ \) = 
±(ai, D(a,2, ■ ■ ■ , a n+ i)). See the appendix for additional illustrations. 

2.4. Induced maps. Recall, that if A : A' — > A is an algebra map between two associative 
algebras, then every module over A is also a module over A', and similarly for module 
maps. Also, A : A' — ► A and A* : A* — > (A')* will be module maps over A'. Here we give 
the corresponding homotopy generalizations. 

Suppose that A is an A^ map from (A',D') to (A,D). First, every Aoo bimodule 
(M, D M ) over A is also an A^ bimodule over A', whose structure map is determined by 
the lowest components (which are maps B M A — > M) 

ITiM\\/ I II I \ 

[D ) {a 1 ,...,a k ,m,a k+1 ,...,a k+ i) 

= ±Wm o £> M (A(a' l5 ...),..., A(. .. , a' k ), m, X(a' k+1 , . ..),..., A(. .. , a' k+l )). 

Here, prM denotes the projection onto M. The signs are given by the usual sign rule, 
namely introducing a sign (— 1)I"M' 3 I J whenever a jumps over [3. The relevant degrees are 
the degrees given in B M A. 
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Also, any bimodule map F : B M A ► B N A over A induces an A^ bimodule map 

F X . B M A , _^ B N A , oycr A l giycn by 

F x (a[, . . . ,a' k ,m,a' k+1 , . . .,a' k+l ) 

= ± P rN ° F ( A ( a 'i> •■•)>•••! A (- • • . a 'fc)> m -> A ( a fc+i, • ■•)>•■•! A (- • • . a 'fe+;))- 
Furthermore A induces the two Aoo bimodule maps over A' 

A : B A 'A' B A A' and A : B A " A 1 -» 
defined by the components 

A(ai, . . . , a' fc+;+1 ) = pri o A(a' 1 , . . . , a' k+l+1 ) 

and 

(A(ai, . .. ,a*,.. .,a' k+l ))(a') = ±a*(pr A o A(a' fe+1 , . . . , a' fe+; , a', a' 1; . . . ,a' k )). 

For our own comfort, we write TA and T M ^4 instead of BA and B M A for the remainder 
of this paper. 



3. Deformations of A^ algebras and oo inner products 

Before we define the specific differential graded Lie algebra (f), d, [ , ]) that controls the 
deformations of A^ structures and oo inner products, we discuss a simple example and 
make a remark. 

Example 3.1. Any graded associative algebra jj becomes a Lie algebra by defining the 
bracket to be the usual commutator. An element a e g 1 satisfying a 2 = is sometimes 
called a polarization. With a polarization a € jj 1 , becomes a differential graded Lie 
algebra by setting the differential to be 5 — ad(a). With 5 so defined, the Mauer-Cartan 
equation becomes 

= 6(7) + ^[7,7] = i[a + 7,a + 7 ]. 

In other words, 7 £ g 1 satisfies the Mauer-Cartan equation if and only if a + 7 is another 
polarization. 

Now let S be a graded ring and consider g defined by 







a 
b a 



a,b £ S 



with the bracket defined as the usual graded commutator of matrix multiplication: 



a 
b a 



c 
d c 



[a,c\ 
[b, c] + [a, d] 





\a,c] 



riion. ( ^ £ q 1 is a polarization if and only if 

= [D, D] = 2 • D 2 and = [D,I] + [I,D] = 2- [D,I]. 



Having chosen a polarization P 



D 
I D 



, the formula for S = ad(P) is given by 



/ 

* f 



D 
/ D 



f 

i f 



[D,f] 
[D,z] + [f,I] [D,f] 
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Now we look at the gauge equivalence. First of all, the gauge group G = exp(g°) is the 
Lie group consisting of matrices of the form e A , for any A £ g°. The gauge action of G on 
q is then determined by e ad ^ ■ B — Ad(e A )(B) — e A Be~ A . A computation shows that 

exp ({ = e °/)< where * = E^ E r 

x ' v 7 n>l k+l=n-l 

Then the gauge equivalence summarizes as 

efDe-f \ 

This concludes the example. 

Remark 3.2. Let N be a graded coalgebra over S. Then hom(./V, N) will be a graded 
associative algebra and a Lie algebra with the bracket defined by the commutator. The 
space Coder(iV) C hom(iV, N) will not, in general, form an associative algebra, but it is a 
Lie algebra. In particular, for any vector space A, Coder(TA) is a graded Lie algebra. An 
Aoo structure on A consists of an element D g Coder(TA) satisfying D 2 = 0. Thus one 
can say that an A^ structure on A is a choice of polarization D g Coder(TA). Hence, if 
{A, D) is an A^ algebra, Coder(TA) carries a differential 5 : Coder(TA) -> Coder(TA) 
defined by 

6(f) := [D,f] = Dof-(-l)\f\foD. 

The complex (Coder(TA), <5) is called the Hochschild cochain complex of A. Together 
with the bracket from hom(TA, TA), it is a differential graded Lie algebra that controls 
the deformations of the Aoo algebra (A, D). In order to make this statement precise, we 
recall the deformation theory of A^ algebras (see for example X). As a first observation, 
one may note that 7 is a solution to the Mauer-Cartan equation in the Hochschild dgLa 
if and only if D + 7 is another polarization in Coder(TA); i.e., another Arx, structure, on 
A. 

3.1. Deformations of Aoo algebras. Let A be a graded vector space over a field k and 
let R be a graded Artin local algebra with residue field k. Let m denote the maximal ideal 
of R. We have the decomposition R ~ R/m © m ~ k © m and the projection pr^ : R — > k, 
hence the decomposition A<3R~A(&(A<£) m) and the projection prA '■ A ® R — > A. For 
dcfiniteness, the reader may have the concrete example R — k[t]/t l+1 in mind. In this 

example, the maximal ideal is m = tk[t]/t l+1 , A® R ~ A + At + At 2 H V At 1 (with the 

tensor signs suppressed) and the natural projection pr& maps a,Q + ait + a,2t 2 + ■ ■ ■ + ait l >— > 
a . 

Let (A, D) be an A^ algebra over k. A deformation of (A, D) over R is an Aoo algebra 
(A ® R, D') over R with the property that the projection 

pr : T(A <g> R) ~TA® R->TA 

is a morphism of Aoo algebras over k. This means that pr o D' = D o pr. 

Suppose that D' is a deformation of (A, D) over R. Via any map R — > 5, one can view 
^4 (g) J? as an 5 module and (A (g> i?, D') as a deformation of (A, D) over S. 

Let 7r g hom(i?(g)i?, R) denote the multiplication in R. Let Dr denote the structure 
D (8> 7r on A <E) R- The A^ algebra (A (gi i?, Dr) is the model for a trivial deformation of 
(A, D). That is, (A © R, D') is a trivial deformation if it is isomorphic to (^4 £g> i?, D/j) as 
an algebra. This means that there is an automorphism 

A : T(A ® R) -> T(A®R) 

satisfying A o D' = Dr o A. Two deformations are equivalent if and only if they differ by 
a trivial one. 
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3.2. Deformations of algebras with oo inner products. 

Definition 3.3. Let A be a graded vector space over a field k. We define the graded Lie 
algebra (Jj = ©#,[, ]) by 

(1) f)' = Codcr(TA)- 1 © Comap(T A A, T A " A) 1 ~ i 
and 

(2) [(/,»), (.9, j)] = ([f,9],S f (j)-(-l)^%(i)) 

= if 9 / A *j - {~l) UM 3f A {-l)V M 9 A *i + (-l)lsl-d/l+N)^). 

The skew-symmetry and Jacobi identity of [ , ] are straightforward to check after one 
notices that 6 f oS g - (-l)l-f H fl l£ g o 6 f = £/ og -(-i)i/ii9i fl0 /- 

Proposition 3.4. A pair (D,I) e i) is an A^ structure with oo inner product on A if 
and only if[(D,I), (£>,/)] = 0. 

Proof. This is immediate: 

= [(£>, 7), (D, 7)] <S> = [£>, D] = 2 • L> 2 and = 2 • S D (I) = 2{D A " ol-lo D A ). 

The condition D 2 = means that D defines an Aoo structure on A and the condition 
D A o 7 — 7 o 7J A = means that 7 defines a compatible oo-inner product. □ 

Now fix an Aoo structure together with an oo inner product, which is to say, fix a pair 
(D, 7) G f) with [(£>, /), (D, I)} = 0. Then, define d : I) -> I) by 

(3) = [(£>,/),(/, i)]. 
The triple (f), d, [ , ]) is a differential graded Lie algebra. 

Definition 3.5. A deformation of an A^ algebra with oo inner product (A, D, I) over R 
is an Aoo algebra over R with oo inner product (A <S> R,D', I'), such that the projection 

pr : T(A ®R)^TA 

is a morphism of A M algebras over k compatible with the oo-inner products. Compatibility 
with the oo inner product means that the following diagram of Aoo-bimodule maps over 
k is commutative: 

T A ® R {A ® R) Pr > T A (A eg) R) 



pr k oI' 



jpr 



T {A ® R ^{A®R) T A * (A ® R) 

Here, the oo-inner product I' on A®R over R induces an oo-inner product on A®R over k 
by composing with the map induced by the projection homn(A<^ R, R) — > honifc(A(g>i?, k), 
f i ► pr fe o /. 

There is a natural extension of I to an oo-inner product 7# = I ® n on (A J?, 7?#). 

Definition 3.6. We say that (7?', 7') is a trivial deformation of (7), 7) provided "the triple 
(A ® R,D' , I') is isomorphic to (A <g) i?, 7) fl , 7 fl ) as algebras with oo inner products." 
That is, if there exist an automorphism 

A : T{A® R) -> T(A®7i) 

and a comap 

p : T A ® R (A ® i?) -> r(- 4 »«)* (A i?) 

satisfying 



DEFORMATIONS OF ASSOCIATIVE ALGEBRAS WITH INNER PRODUCTS 



7 



(i) A O D' = Dr O A, 

(ii) I' - A o (I R ) X o A = op + po £) M ® R . 

It may be helpful to think of the second condition in definition 13.61 as saying /' equals 
Ir under a change of coordinates (given by A) up to a homotopy (given by p). That is, the 
following diagram commutes, up to a homotopy defined by p £ Comap(T ® ii (A ® i?)). 

T A ® R (A®R) » T A ® R (A®R) 

i' (Ir) x 

T( a ®V*(A®R) T<> A ® R ^(A®R) 

Two deformations arc equivalent if and only if they differ by a trivial one. 
Now, the conclusion: 

Theorem 3.7. Let (A, D) be an Aqq algebra and let I be an oo-inner product. Then the 
dg Lie algebra (f),d, [, ]) defined by equations (Q, @ and @ controls the deformations 
of the Aqo algebra with oo inner product (A, D, I). 

Proof. The content of this theorem is summarized in the following two statements. 

• Deformations, over R, of the (A,D,L) correspond to solutions to the Mauer- 
Cartan equation in t) (£> m, 

• and equivalent deformations correspond to gauge equivalent solutions. 

First we prove the first statement. Let a = (/, i) € (t) (Sim) 1 . Observe that 

da + 1 [a, a] = [(D R , I R ), (/, i)} + ± • [(/, »), (/, »)] 

- ^ • + /,/« + i), + f,I R + i)]. 

Then, proposition 13 . 41 proves that da + | [a, a] = if and only if (A £g> R, Dr + /, Jr + i) is 
a deformation of (A, D, I). It is immediate that any [A <E> R, D', I') that is a deformation 
of {A,D,I) must satisfy [(£>',/'), (D',I')] = € f)®i?. The fact that pr : T{A(g>R) -> TA 
is a map of algebras with oo inner products implies that D' — Dr + f and I' — Ir + i 
for some (/, i) e f) ® m. 

Now we prove the second statement. Let a = (/, i) e (rj <8> to) . The gauge action for 
[) becomes 

e '■(Dr,1r)=> ■ (Dr,1r). 

/ — 1 nl 

n>0 

It follows from 

5/ (^ad(/)-(^)((^/) S (j))) = <yad(/)-+i(D R )((^/) S (0) + ^d(fy(D R )((Sf) S+1 (i)), 

that ad(/, i) n (DR, Ir) is given by 
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Now define A 1 = = J2k>o vJ k anc ^ P ~ Sz>o (1+1)1 ' (^/)' (*)■ Then for the automor- 
phism A and the homotopy p, we have 

n>0 

- (e E 2f (« + ^ ^ (D „> (e <^ ■ c/rto) ) 

\n>0 n>0 \/>0 v ' ] ] 

= (A- 1 ^A,A(/ fl ) A A + 5 A - 1 ^ A ( /9 )) . 

This proves that e ad ^'^ ■ (!)#,/#) is a trivial deformation of (D,I). 

It is not hard to see that every trivial deformation of (D,I) arises from an element 
gauge equivalent to the identity. The condition that the Aoo algebra map A : T(A® R) — > 
T(A®R) is an automorphism implies that A = e' for some / G (Coder(TA) Also, 
since p = —i—^8f{i) — - ■ ■ , the map i i— » = X)oo '(ftf) (^) ^ s invertible. So one can 
obtain any homotopy p, by choosing a suitable element i = J2 m >o ° m ' ($f) m (p) e (f)® TO ) 
with p(i) — p. □ 



4. Moduli, infinitesimal deformations, and relationship to cyclic 

cohomology 

Let us return briefly to general deformation theory in order to review the notions of 
infinitesimal deformations and moduli space. Let (q, d, [, ]) be a differential graded Lie 
algebra and assume that Ker(<i)/ Im(rf) =: H(g) = ®YL- m H'(2) is finite dimensional. 
Consider the (graded version of the) ring of dual numbers R = fc[t_ m , . . . , t m ]/titj. Here 
deg(tj) = i — 1 and the maximal ideal of R is m = (BiUR. 

From a solution XX 7j £ (giE'w) 1 to the Mauer-Cartan equation, one may produce 
the map d + ^ tj ad (77) : <S> fc[i-m, ■ ■ • , i m ] — ► ® fc[i-m> ■ ■ ■ , *m] which satisfies 

(d + ^2 tj ac K7j)) = modulo titj. 

One refers to 7 = ^ as an infinitesimal deformation. One can readily check that 

Def s (R) = Ker(d)/Im(rf) - 

Schlessinger's theorem (Hj implies that Def g is prorepresentable. That is, there exists a 
projective limit of (graded) local Artin rings and an equivalence of the functors 

£ e / fl (-)-hom(0,-). 

In the case that = &m is the ring of local functions at the base point of a pointed Z 
graded space A4, then M. is the local moduli space for Def g . Denote the base point of 
Ai by 0. One can check that 

T (M) ~ hom(0 M ,R). 

It follows that the graded tangent space to the moduli space at the base point is isomorphic 
to the cohomology of (g, d): 

T (M) ~ H(g). 

Now, let (A, D) be an Aoa algebra and let I be an 00 inner product on (A, D). Theorem 
13.71 savs that the dg Lie algebra controlling deformations of (A, D, I) is 

f) = Coder(TA) © Gomap{T A A, T A * A) 
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with bracket 

m),(9,j)] = ([f,9},Sf(j)-(-iy f ^s g {i)) 

and a differential 

d(f,i) = [(D,I),(f,i)}. 
Thus follows the expected infinitesimal statement: 

Corollary 4.1. The tangent space to the moduli space of Aoo structures with oo inner 
products is isomorphic to H(t)). 

As a final remark, we mention some connections between the cohomology i?(f)) and 
a couple of its cousins. If (A, D, I) is an A^ algebra with oo- inner product, we have 
the Hochschild dgLa (Coder(TA), S,[, ]) and the sub dgLa of cyclic Hochschild cochains 
Coder (TA) cyclic, defined by 

Coder(TA) Cyc iic = {/ G Coder(TA) : S f (I) = 0}. 

Note from appendix A that if / consists of an ordinary symmetric inner product / = ( , } , 
then the condition Sf (I) — f A o I — I o f A = is equivalent to 

(f(ai, ...,a n ),a n+ i) = ±(ai,/(a 2 , ...,a„+i)). 

We have the following maps of differential graded Lie algebras. 

(4) (Coder(TA) Cyc i ic ,<M, ]) ~ > ]) and %d,[, ]) — > (Coder(TA), 6, [ , ]). 

The first map is the injection / i— > (/, 0) £ t), which is is a cochain map 

d(f, 0) = ([D, /], ±(f A ' ol-lo f A )) = [6f, 0), 

because elements of the domain are cyclic. The induced map in cohomology describes a 
statement from [5], namely that the first order deformations of D compatible with the 
inner product are classified by cyclic cohomology. We do not know under what conditions 
the map / i— ► (/, 0) G f) induces an isomorphism in cohomology. The second map in is 
simply the projection Coder(TA) © Comap(T A A, T A * A) -> Coder(TA) and the induced 
map in cohomology describes the simple statement that any infinitesimal deformation of 
the pair (D, I) gives an infinitesimal deformation of D. 

Appendix A. Explicit formulas of Sf(i) 

Let / G Coder(TA) and i G Com&p(T A A, T A " A). We want to describe the term S f (i) = 
f A ' oi-(-l)\fW l \-iof A e Comap(T A A,T A ' A) more explicitly. Here, / : © fc >iA® fe -> A 
and i : (Bkd>oA® k ® A® A® 1 ® A ^ S have the components 



a-k ... a 2 ai 




/fc(0i, ...,Ofc) 
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Ofe ... a2dl 



ik,i = (■ ■ ■>*,! : A® k ® A® A® 1 ® A — > 5 




dk+l+2 



0>k+2 "' Ofe+i + 1 



By convention, the inputs are always inserted using the counterclockwise direction. Then 
f A " oi — (—1)1/11*1 ■ io f A is given by inserting / into i in all possible combinations. 




First, here are some examples of how these diagrams are to be read. 

(a, b, c, d) 2 ,o 



b a 



(a,b,c, d,e,f,g,h,i) 3A 




e / 9 h 
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(a, 6, /3(c, d, f 2 (e, /)), 3, / 2 (/i, i)))i,2 




(c, / 2 (d, e), hifiif, 9), h), i, fi{j, k, a, 6)) 2> i 



/ e d c 6 




Here are the terms of 5f(i) — f A * oi— (—1)1/11*1 - io f A up to sign, when they are being 
applied to elements from A m ® A® A® 1 <g> A: 
k = 0,1 = 0: 

(/1 (a), 6)0,0 ± (a,/i(6))o,o 



fc = 1, Z = 0: 



(/i(a),6, c)i, ± (a,/i(6),c)i, ± (0, 6,/i(c))i, ± 
(/ 2 (a, 6), c) ,o ± (6, / 2 (c, a)) ,o 
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± 



± 



i 



b V ± b_ 



1 



k = 0,1 = 1: 



(fi(a),b, c) ,i ± (a,/i(6),c) ,i ± (a, b, /i(c)) ,i± 
(/ 2 (a, 6), c) ,o ± (a, /2(&, c)) ,o 



I 



± a _ 



I 



2, I = 0: 



(/i(a),6, c, rf) 2 ,o ± (a,fi(b),c, d) 2 ,o± 
(a, b, /i(c), rf) 2 , ± (a, 6, c, /i(d)) 2 ,o± 
(/ 2 (a, 6), c, d)i,o ± (a, / 2 (6, c), d)i,o ± (b, c, f 2 {d, a))i, ± 
(/ 3 (a, 6, c), c?)o,o ± (c, / 3 (d, a, 6)) ,o 



Note that for example the term {a, b, / 2 (c, d)) 2 ,o does not appear, because c and d are the 
two special elements of a <g> & (g) c <X> d £ A® 2 ® A ® A® ® A, which are put on the horizontal 
line of the diagram. The two special elements from A® k <g> A eg) A® ( ® ^4 can never be inside 
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any /„. 




k = 0, I = 2: 

(fi(a),b, c, d) ,2 ± (o,/i(6),c, d)o : 2± 
(o,6,/i(c),d)o,2 ± (o,6,c,/i(d))o,2± 
(f 2 (a,b),c, d) .i ± (a,f 2 (b, c),d) ,i ± (a,b,f 2 (c, d)) ,i± 
(/ 3 (a, 6, c), d) ,o ± (a, /3(&, c, d)) ,o 

The special elements are a and d from a®&<8>cig)d(G ^l® <8> A ® A® 2 ® A. 




A 



fc = 1, Z = 1: 

(fi(a),b, c, ± (o,/i(6),c, d)i,i± 
(a,6,/i(c),d)i,i ± (o,6,c,/i(d))i,i± 
(h(a,b),c, d) ,i ± (b,c,f 2 (d, a))o,i± 
(a, /2(&, c), d)i,o ± (a, 6, /2(c, d))i,o± 
(/ 3 (a, 6, c), d) ,o ± (&, /3(c, d, a)) ,o 
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The special elements are b and d from a <S> & ® c <g> d G ^l® 1 ® A ® A® 1 ® A. 




i = ( , )o,o f° r an y ^ : Assume that i = ( , )o,o has only lowest component, but / has all 
higher components. We apply j A * oi— (—1)1/11*1 ■ i o f A to the element 

cii <g> ... ® a fe (81 a fe+ i a k+2 <8> ... a fe+(+ i (g> a fe+ z +2 G A c?lfe ® A ® A® 1 ® ^ 

to get 

(/(ai, afe + ; + i), afe + ; +2 )o,o ± (afe+i, /(afe+2, afe+j+2, ai, a*:)}o : o 




References 

[1] A. Fialowski and M. Pcnkava. Deformation theory of infinity algebras. math.RT/0101097, 2001. 

[2] W.M. Goldman and J.J. Millson. The deformation theory of representations of fundamental groups 

of compact Kiihlcr manifolds. In Publ. Math IHES, number 67, pages 43-96. IHES, 1988. 
[3] M. Kontsevich. Deformation quantization of Poisson manifolds, I. math. QA/9709040, 1997. preprint. 
[4] M. Manetti. Deformation theory via differential graded Lie algebras. In Seminari di Geometria Alge- 

brica, pages 21-48. Scuola Normale Superiore, 1999. 
[5] M. Penkava. Infinity algebras, cohomology and cyclic cohomology, and infinitesimal deformations. 

math.QA/0111088, 2001. 
[6] M. Schlessinger. Functors of Artin rings. Trans. Am. Math. Soc, (130):208-222, 1968. 
[7] M. Schlessinger and J. Stasheff. The Lie algebra structure of tangent cohomology and deformation 

theory. J. Pure and Applied Algebra, 38:313-322, 1985. 
[8] T. Tradler and M. Zeinalian. Poincare duality at the chain level, 2002. 
[9] T. Tradler. Infinity inner products on A-infinity algebras, math. AT/0108027, 2001. 

E-mail address: jterilla<Smath.sunysb.edu 

Department of Mathematics, State University of New York, Stony Brook, NY, 11794-3651. 
E-mail address: tradlerastanford.edu 

Department of Mathematics, Bldg. 380 Stanford University, Stanford, CA 94305-2125. 



